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Abstract. We present a frequency modulation technique for calibration of the displacement
actuators of the LIGO 4-km-long interferometric gravitational-wave detectors. With the
interferometer locked in a single-arm configuration, we modulate the frequency of the laser
light, creating an effective length variation that we calibrate by measuring the amplitude of
the frequency modulation. By simultaneously driving the voice coil actuators that control the
length of the arm cavity, we calibrate the voice coil actuation coefficient with an estimated 1σ
uncertainty of less than one percent. This technique enables a force-free, single-step actuator
calibration using a displacement fiducial that is fundamentally different from those employed
in other calibration methods.
PACS numbers: 04.80.Nn, 06.30.Bp, 07.60.Ly, 42.60.Da, 95.55.Ym
1. Introduction
The LIGO (Laser Interferometer Gravitational-wave Observatory) interferometers are
sensitive to differential length variations with amplitude spectral densities on the order of
10−19 m/
√
Hz. To enhance the sensitivity to gravitational waves, the interferometer arms
incorporate 4-km-long optical cavities, Fabry-Perot resonators, formed by 10-kg input and
end mirrors, or test masses. They are suspended as pendulums for isolation from seismic
motion and to make them “freely-falling” test masses in the horizontal plane. To hold these
cavities on resonance with the laser light, the position of the end test masses (ETMs) are
controlled via voice coil actuators utilizing rare-earth magnets bonded to the back surfaces of
the mirrors.
The distortions in space-time induced by passing gravitational waves will be sensed
by the interferometers as differential arm length fluctuations and therefore suppressed
by the differential arm length (DARM) control loop via the ETM voice coil actuators.
Reconstructing the waveforms of the gravitational wave disturbances thus requires
deconvolving the closed-loop response of the DARM servo. This requires characterization
and calibration of the ETM voice coil actuators. Toward this end, several voice coil calibration
procedures have been developed within LIGO [1, 2]. Detector calibration is also a significant
effort at other gravitational wave observatories [3, 4].
The method traditionally employed by LIGO, the so-called free-swinging Michelson
method, uses the wavelength of the laser light as a fiducial [5]. It begins with a series of
measurements to deduce the actuation coefficient of the input test mass (ITM). The actuation
coefficient for the ETM is then determined from the ITM coefficient via transfer function
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measurements made in a single-arm lock configuration. This technique has the disadvantage
that it requires combining several measurements, some made in different interferometer
configurations, and sequential calibration of two sets of voice coil actuators. This complexity
increases statistical uncertainties and the potential for systematic errors.
Another calibration method, the photon calibrator, that induces a calibrated length
variation via the reflection of a power-modulated auxiliary laser beam from the ETM surface is
also being employed by LIGO and other interferometric gravitational wave detectors [2, 6, 7].
This method is applied on-line in the “science mode” configuration used for gravitational wave
searches and induces displacements similar to those expected to be caused by gravitational
waves. It relies on absolute calibration of the modulated laser power reflecting from the ETM.
In this article, we describe a fundamentally different method that is based on frequency
modulation of the laser light. For this technique, the interferometer is operated in a single-arm
configuration. The frequency of the laser light is sinusoidally modulated, and this modulation
is interpreted by the sensor of the arm cavity locking servo as a length modulation, providing
a fiducial for ETM voice coil actuator calibration. This method has been used both to calibrate
the LIGO actuators and to investigate systematic errors associated with other calibration
methods [8].
For a resonant Fabry-Perot cavity, frequency variations and length variations are related
by the dynamic resonance condition [9] which is given by
C( f )∆ν( f )
ν
=−∆L( f )
L
. (1)
Here f is the frequency of the variations, ν is the laser frequency, L is the cavity length,
∆ν( f ) and ∆L( f ) are the amplitudes of the sinusoidal variations, and C( f ) is the normalized
frequency-to-length transfer function given by
C( f ) = 1− e
−4ipi f T
4ipi f T , (2)
where T = L/c is the light transit time in the cavity. C( f ) for the LIGO arm cavities is
plotted in figure 1. A calibrated frequency modulation, ∆ν, thus results in a calibrated length
modulation, ∆L, that is the fiducial for the frequency modulation calibration method.
A key advantage of this technique is that it does not exert localized forces on the test
masses in addition to the forces exerted by the voice coil actuators. Such additional calibration
forces can cause elastic deformation of the test masses and can be a dominant source of
systematic errors for other calibration methods [2, 10]. The frequency modulation method
could thus enable investigation of the elastic deformation induced by the voice coil actuator
forces [11].
2. Calibration of the displacement actuator
For a Michelson interferometer, laser frequency modulation is a “common mode” excitation.
Therefore, to calibrate the voice coil actuators for a single test mass, the interferometer is
operated in a single-arm lock configuration, as shown schematically in figure 2. Assuming
that the coil driver electronics transfer functions are flat over the frequency range of our
measurements, we expect the voice coil actuators to deliver longitudinal forces that are
independent of the drive frequency. Our measurements are made at frequencies well above
the 0.75 Hz pendulum resonance frequencies of the suspended test masses, so we expect them
to behave as free masses with displacements that are 180 degrees out of phase with the forces
from the voice coils and decreasing with the square of the drive frequency.
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Figure 1. Magnitude and phase of the frequency-to-length transfer function, C( f ), for the
LIGO 4-km-long arm cavities over a 100 kHz span (left) and over a 10 kHz span (right).
To calibrate a voice coil actuation coefficient at a given frequency, we lock the particular
single arm of the interferometer and simultaneously drive both the laser frequency actuator
and the voice coil actuators with sinusoids at frequencies separated by 0.1 Hz. Simultaneous
excitation minimizes the influence of temporal variations in interferometer and control loop
parameters such as optical gain changes due to alignment fluctuations. We monitor the
magnitudes of the induced modulations in the arm locking servo readout signal, the frequency
modulation drive signal, and the voice coil drive signal‡. With the laser frequency excitation
providing an independent and calibrated effective arm length variation, the ratio of the signals
yields the voice coil actuation coefficient.
The laser frequency actuator modulates the laser frequency via a frequency shifter,
composed of a double-passed acousto-optic modulator (AOM) and an AOM driver (see
appendix), that is embedded within a laser frequency locking servo as shown in figure 2.
The voltage-controlled oscillator (VCO) at the heart of the AOM driver operates at a nominal
frequency of 80 MHz. This frequency changes in response to the AOM driver input signal.
The unity gain frequency of the frequency locking servo is approximately 600 kHz and the
gain at 100 kHz is more than 25 dB. Thus, for the frequencies of interest for our measurements
(< 2 kHz), changes in the laser output frequency induced by changes in the AOM driver input
signal are equal and opposite to the frequency changes induced by the double-passed AOM.
Calibration of the laser frequency actuator is described in detail in the appendix. The
‡ Note that the actuator for the arm locking servo is also the voice coil actuator for the excited test mass, so the
readout signal, R, indicates the residual length modulation sensed by the servo. The servo suppresses the frequency
modulation excitation by actuating on the length of the arm via the voice coil, thus inducing a physical length variation
to reduce the effective length variation.
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Figure 2. Schematic of the experimental setup used to calibrate the ETM voice coil actuators
using the frequency modulation technique. The laser frequency is locked to a resonance
of the reference cavity. Driving the VCO input injects a frequency modulation into the
frequency locking servo loop via the double-passed AOM. The frequency servo acts on the
laser frequency to cancel the injected modulation, thus imposing the inverse of the modulation
on the laser light directed to the mode cleaner. The mode cleaner filters the frequency
modulated light which then impinges on the arm of the interferometer. The arm length is
held on a resonance by the voice coil actuators that control the position of the ETM.
upper plot of figure 3 shows the results of calibrating the digitized frequency modulation
monitor point signal, S f , with respect to the frequency modulation of the AOM driver
output and the fit to a model with a frequency-independent VCO actuation coefficient. The
normalized deviation between the measured values of the monitor point calibration, K , and
the fit (meas./fit-1) is shown in the lower panel of figure 3. The standard error relative to
the model is 0.1%, dominated by statistical variations in the measurement of the sideband-to-
carrier power ratio (see section 3).
As shown in figure 2, laser light with the frequency modulation imposed by the frequency
locking servo is transmitted through a mode cleaner before impinging on the arm cavity ITM.
This 12-m-long, triangular Fabry-Perot resonator has an optical storage time of approximately
35 µs that filters the laser frequency variations. To characterize the mode cleaner’s passive
filtering, we measure the power modulation transfer function from 10 Hz to 10 kHz using
photodetectors located upstream and downstream of the mode cleaner. For modulation
frequencies well below the mode cleaner cavity’s free spectral range of 12.3 MHz, the
response to power variations is functionally equivalent to the response to frequency variations,
and can be approximated by a single real pole at frequency f0 [9, 12]. Fitting the magnitude
and phase of this transfer function with a single real pole yields f0 = 4.61 kHz.
The amplitude of the frequency modulation downstream of the mode cleaner is thus
given by
∆νt( f ) = ∆ν( f )Hmc( f ) ≃ ∆ν( f )
∣∣∣∣ f0f0 + i f
∣∣∣∣= ∆ν( f )√
1+ f 2/ f 20
(3)
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Figure 3. Calibration function, K , for the S f monitor point. The circles in the upper
panel indicate measured values, and the dashed line is a least-squares fit assuming a
frequency-independent VCO actuation coefficient, α. The normalized deviations between the
measurements and the fit are plotted in the lower panel.
where ∆ν and ∆νt are the amplitudes of the incident and transmitted sinusoidal frequency
modulations and Hmc is the frequency modulation transfer function of the mode cleaner. The
servo that holds the mode cleaner on resonance actuates both the length of the mode cleaner
(at low frequencies) and the frequency of the laser light (at higher frequencies) via the AOM
driver (see figure 2). To ensure that length actuation by the mode cleaner locking servo is not
changing the expected filtering function of the mode cleaner, a digital notch filter, centered at
the measurement frequency, is inserted into the length control path.
Using equations 1 and 3, the effective length modulation induced by the frequency-
modulated light is given by
∆L f ( f ) ≃ −C( f )L
ν
∆νt( f ) = −C( f )L
ν
2K ( f )Hmc( f )S f = A f ( f )S f (4)
where the subscript f identifies terms associated with the laser frequency modulation. Here,
A f is the actuation function for length variations induced by the laser frequency modulation.
It converts the AOM driver input monitor signal, S f , to effective arm cavity length variation.
This calibrated actuation function can be used to directly calibrate the single-arm readout
signal or to calibrate the ETM voice coil actuators.
Calibration of the voice coil actuators proceeds with sinusoidal excitations of the
frequency and length actuators made at closely spaced frequencies in a single-arm, closed-
loop configuration. The resulting length modulations appear as two peaks in the power
spectrum of the single-arm readout signal. The ratio of the amplitudes of these two
modulations together with monitors of the actuation amplitudes yields the ETM voice coil
actuation coefficient, Al . It is given by
Al( f1) = A f ( f2) S fSl
R( f1)
R( f2)
r( f1)
r( f2) = A f ( f2)
S f
Sl
Rl
R f
rl
r f
(5)
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Figure 4. ETM voice coil actuation coefficients measured using the frequency modulation
technique for the x-arm of the Hanford 4-km-long interferometer. The dashed lines are a
weighted least-squares fit with a f−2 functional form. In the lower panel, the expected
functional dependence is removed by multiplying by the square of the measurement frequency.
The error bars represent the estimated ±1σ uncertainties.
where subscripts l and f identify terms that are associated with, or measured at the frequency
of, the length and frequency excitations, f1 and f2, respectively; Rl and R f are the amplitudes
of the modulations in the arm locking readout signal; Sl is the amplitude in the ETM length
excitation monitor point signal (see figure 2); rl and r f are the closed-loop responses of
the single-arm cavity locking readout signal to length fluctuations. The rl/r f ratio allows
propagation of the calibration from the VCO excitation frequency to the voice coil excitation
frequency. This ratio is determined either by sequential excitation at frequencies f1 and f2
with a characterized length actuator or by a model of the single-arm closed-loop servo based
on the measured response.
The frequency modulation calibration method was applied to the x-arm of the Hanford 4
km interferometer at three widely separated frequencies within the most sensitive region of the
LIGO detection band, 91, 511, and 991 Hz. The data for these measurements were recorded
by driving the frequency modulations at all three frequencies simultaneously, each with an
associated length modulation separated by 0.1 Hz (six excitations total). For the typical four-
minute integration times, the signal-to-noise ratio (SNR) of the voice coil actuation peak in the
single-arm readout signal is limited to about 30 to avoid saturation of the actuation electronics.
The SNR of the frequency modulation actuation peak is about 1000. However, the SNR of the
peak in the frequency modulation monitor signal is only 10 because the monitor signal is also
the control signal for the mode cleaner locking servo, and thus has an elevated noise floor. The
calibration results are plotted in figure 4. The dashed lines denote a weighted least-squares
fit to the data with the expected f−2 force-to-length functional form. The error bars show the
estimated ±1σ uncertainties of approximately 0.8%, as described in section 3.
The accuracy of this method was investigated by comparing calibration results with
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Table 1. Summary of the significant relative uncertainties contributing to the overall relative
uncertainty for the frequency modulation voice coil calibration technique.
Variable 1σ uncertainty
S f actuation function, K 0.1 % (Statistical)
Mode cleaner filtering, Hmc 0.05 % ( f0 ∼ 3%)
Signal ratio, (S f Rl)/(SlR f ) (N ≃ 35) 0.8 % (Typical)
Control loop response, rl/r f 0.05 % (Typical)
Estimated overall uncertainty 0.8 %
those derived from the free-swinging Michelson and photon calibrator methods described
in section 1 [8]. The standard deviation of the mean values (over all frequencies) of the
actuation coefficients derived using these three techniques for the four ETMs at the Hanford
observatory (two interferometers) was less than 2.5%. This suggests that the accuracy of the
applied frequency modulation method is within this range.
3. Estimate of uncertainties
Expanding equation 5, the calibrated voice coil actuation function can be written as,
Al =
[−C( f )L
ν
]
2K ( f )Hmc( f )
[
S f
Sl
Rl
R f
]
rl
r f
. (6)
The uncertainty in Al is estimated by calculating partial derivatives of equation 6 with respect
to variables that have significant uncertainties and summing in quadrature. These estimates
are summarized in table 1 and discussed below.
The first term in square brackets has negligible uncertainty because both L, and therefore
C( f ), and ν are known with high accuracy. The relative uncertainty in arm cavity length is
approximately 10−4 % and the relative uncertainty in laser frequency is approximately 0.01%.
The statistical uncertainty in the S f calibration function, K , is determined using two
methods. First, repeated measurements are made at a single frequency; second, measurements
are made at multiple frequencies over a span from 90 Hz to 2 kHz (see figure 3). Both
methods yield a standard error in the calibration function of approximately 0.1%, originating
from uncertainty in measuring the sideband-to-carrier power ratio. We have not included
estimates of potential sources of systematic error associated with measuring the sideband-to-
carrier power ratio using a spectrum analyzer. We expect them to be small because the power
levels typically differ by only 30 dB and the frequencies (≈80 MHz) are separated by less
than 2 kHz.
The results of repeated measurements of the mode cleaner pole frequency vary by as
much as 3%. However, the contribution of this variation to the overall uncertainty in the
actuation coefficient is reduced by a factor of ( f 20 / f 2 + 1)−1 due to the partial derivative
of equation 6 with respect to f0. Thus, the contribution to the uncertainty in Al due to
uncertainty in the mode cleaner pole frequency is about 0.05% at 1 kHz and even smaller
at lower frequencies.
The last term in square brackets includes the frequency and length excitation amplitudes
measured at the monitor points and the measured amplitudes in the single-arm readout signal.
For typical measurements, we use 4 minute-long Fourier transforms and 35 averages. This
reduces the combined standard error for this term to 0.8%, dominated by the uncertainties in
measurement of S f and Rl . The contribution from S f is large because the monitor point for
the frequency excitation is downstream of the summation point for the mode cleaner locking
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servo. Rl contributes significantly due to the small excitation amplitudes used in order to
avoid saturation of the ETM actuation electronics.
For the 0.1 Hz frequency separation used in these measurements, the estimated rl/r f ratio
differs from unity by less than 0.05%, significantly below measurement statistical variations.
This was confirmed experimentally by repeating calibration measurements with the length
and frequency modulation excitation frequencies interchanged.
Adding all of these relative uncertainties in quadrature, we estimate the typical
fractional 1σ uncertainty in the calibration of the ETM voice coil actuation coefficient to
be approximately 0.8%. With longer integration times and more averaging of the measured
signals, the overall estimated uncertainty could be further reduced.
4. Conclusions
We have described a new technique for calibrating the test mass displacement actuators of the
LIGO interferometers that uses frequency modulation of the injected laser light to create an
effective length modulation fiducial. We have also described the method employed to measure
the amplitude of the applied frequency modulation and therefore the induced effective length
modulation. Procedures used to improve the overall estimated test mass voice coil calibration
precision to less than 1% (1σ) have been discussed.
The test mass actuation coefficients determined using this technique are consistent with
those derived using two distinctly different methods, the free-swinging Michelson and the
photon calibrator. Unlike both of these methods, the frequency modulation technique does
not exert additional forces directly on a test mass. Measurements and finite-element modeling
have shown that elastic deformation of the test masses caused by these actuation forces
can induce large errors in actuator calibration, especially for actuation frequencies above
1 kHz [2, 10, 11].
For the frequency modulation method, we induce effective arm length displacements
of approximately 10−13 m which are much smaller than the displacements used for the
free-swinging Michelson method (∼10−8 m) but much larger than those used for the
photon calibrator method (∼10−17 m). In contrast to the free-swinging Michelson method
that requires multiple sequential measurements, frequency modulation enables a single-step
actuator calibration. However, it uses a single-arm configuration rather than the full science
mode configuration in which searches for gravitational waves are performed and the photon
calibrator method is applied.
Recent improvements in the single-arm feedback control loop have reduced noise levels.
This should enable increased calibration precision with shorter integration times using the
frequency modulation method. Furthermore, measurements carried out over the past year
have shown the long-term stability of the voice coil actuation functions is better than 1% [14].
Thus, repeated frequency modulation calibration measurements should yield a highly accurate
measurement of the overall statistical variation for this voice coil calibration method.
Increasing measurement precision and accuracy and applying several disparate
calibration methods has improved our understanding of systematic errors and increased our
confidence in test mass actuator calibration results [8]. However, optimizing the scientific
reach of future gravitational wave searches will require further improvements in detector
calibration accuracy and precision [13]. We expect that the frequency modulation method
will continue to play a role in these efforts.
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Appendix. Calibration of the frequency actuator
The AOM at the heart of the laser frequency shifter (see figure 2) uses the first-order beam
that is Bragg-diffracted from the acoustic wave driven by the radio-frequency (RF) signal from
the AOM driver. Energy and momentum conservation dictate that the frequency of the laser
light in this beam is up-shifted (or down-shifted) by the frequency of the acoustic wave [15]
which is dictated by the frequency of the signal from the AOM driver. The frequency shifter
bandwidth is greater than 1 MHz, so for the range of modulation frequencies used (up to
2 kHz) the frequency modulation of the diffracted light is given by the frequency modulation
of the RF signal driving the AOM.
To characterize the AOM driver, a phase-locked loop (PLL) is used to lock its output
frequency to a frequency standard. This minimizes frequency drifts enabling precise
measurement of the amplitudes of the RF carrier (∼80 MHz) and modulation sidebands using
an RF spectrum analyzer. The unity gain frequency of this PLL is approximately 400 Hz. The
AOM driver input monitor signal is calibrated by injecting a sinusoidal frequency excitation,
measuring the amplitude of the sinusoidal signal at the S f monitor point, and using an RF
spectrum analyzer (Agilent 4395A) to measure the ratio of the power in one of the induced
first-order frequency modulation sidebands with respect to the carrier in the AOM driver
output signal.
The time-varying electric field of the frequency-modulated AOM driver output signal
can be expressed as
E(t) = E0ei(ωt+φ(t)) (A.1)
where E0 is the amplitude of the sinusoidally varying electric field, ω is angular frequency of
the RF carrier, and
φ(t) =
∫ t
0
∆ωcos(2pi f τ)dτ = Γsin(2pi f t), (A.2)
with the modulation index, Γ, given by Γ = ∆ω/(2pi f ). The frequency-modulated field can
be decomposed into a carrier and a series of frequency-shifted sideband fields by writing it as
an infinite series of Bessel functions of the first kind, Jn, as
E(t) = E0eiωt
∞
∑
n=−∞
Jn(Γ)e2ipin f t . (A.3)
The ratio of the power in one of the first-order sidebands with respect to the power in the
carrier is then given by P1/P0 = J21 (Γ)/J20(Γ). With the measured carrier and sideband powers,
this expression yields Γ and therefore ∆ω, the amplitude of the frequency modulation of the
RF signal driving the AOM. As discussed above, this is equivalent to pi∆ν where ∆ν is the
amplitude of the laser frequency modulation resulting from double-passing the AOM as shown
in figure 2.
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The S f calibration function, K ≡ ∆ω/(2piS f ) = ∆ν/(2S f ), measured at frequencies
between 90 Hz and 2 kHz is plotted in the upper panel of figure 3. To interpolate to other
modulation frequencies and to assess the frequency response of the VCO, we also measure the
transfer functions of the analog electronics denoted by blocks A and B in figure 2, HA( f ) and
HB( f ). The VCO actuation coefficient, α, which we expect to be frequency-independent, is
determined by a least-squares fit using pole-zero approximations of the measured electronics
transfer functions, with α as the only free parameter. Thus, K ( f ) = αHB( f )/HA( f ). The
lower panel of figure 3 shows the normalized deviations between the measurements and the
fit and indicates that α = 90.62± 0.09 Hz/count is frequency independent, as expected.
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